The Double Integral

Definition of the Integral

Iterated integrals are used primarily as a tool for computing double inte-
grals, where a double integral is an integral of f (x,y) over a region R. In this
section, we define double integrals and begin examining how they are used in
applications.

To begin with, a set of numbers {zg,z;,7;}, j = 1,...,m, is said to be a
tagged partition of [a, b] if

a=z9g<x1<T9<...<Ty =0

and if z;_1 <r; <z; for all j =1,...,m. Moreover, if we let Ax; =z; —z;_1,
then the partition is said to be h-fine if Az; < h forall j =1,...,n.

If {zo,zj,7;}, j =1,...,m, is an h-fine tagged partition of [a,b], and if
{Y0, Yk, tx}, kK =1,...,nis a l-fine tagged partition of [c, d], then the rectangles
[j—1,2;] X [yk—1,ys] partition the rectangle [a, b] x [c, d] and the points (r;,tx)
are inside the rectangles [x;_1,%;] X [Yk—1, Y] -
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The Riemann sum of a function f (x,y) over this partition of [a,b] X [¢, d] is
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j=1k=1

We then define the double integral of f (x,y) over [a,b] X [¢,d] to be the limit
as h,l approach 0 of Riemann sums over h,[ fine partitions:

i f (0, y)dA = Tim lim S 57 £ (5, t4) Az; Ay
[a,b] x [e,d] h—01-0

j=1k=1

To define the double integral over a bounded region R other than a rectangle,



we choose a rectangle [a, b] X [¢, d] that contains R,

and we define g so that g (z,y) = f(z,y) if (z,y) is in R and g(z,y) = 0
otherwise. The double integral of f (z,y) over an arbitrary region R is then

defined to be
J[ @maa=[[  g@yaa
R [a,b]x [c,d]

It then follows from the definition that the double integral satisfies the fol-
lowing properties:

//R[f(x,y)Jrg(x,y)]dA = //Rf(fcay)dAﬂL//Rg(fﬁ,y)dA (1)
J[ e -g@ar = [ seaa- [[genar @
J[pswmar = & [[ rwaar 3)

where k is a constant.

EXAMPLE 1 Evaluate the integral of f + g over R if

//Rﬂx,y)::s and //Rgu,y)ﬁ (4)

Solution: We use property (1) to write

//R[f(x,y)—kg(%y)]dA://Rf(:c,y)dA—i—//Rg(x,y)dA:3+2:5

Check your Reading: What is the integral of f — g over R given (4)?



Volume

If f(z,y) > 0 on [a,b] x [¢,d], then the f(r;,tx) Az;Ays is the volume of a
"box" over a rectangle determined by the partitions of [a,b] and [c, d] , respec-
tively.

Consequently, the Riemann sum is an approximation of the volume of the solid



under z = f (x,y) and over the rectangle [a,b] X [c,d] .

Thus, if f (x,y) > 0 over R, then the volume of the solid below z = f (z,y) and

above R is
V=// f(z,y)dA
R

It follows from the previous section that if R is a type I region bounded by
t=a,e=by=h(z),y=g(), then

//Rﬂx,y)dAz/ab/hj:)f@,y)dydm

and if R is a type II region bounded by y = ¢, y = d, v = ¢ (y), = = p(y), then
d rp(y)
[ s@war=[" [ 1y dody
R c Ja(y)

EXAMPLE 2 Find the volume of the region below z = 2%y and
over the region
R: z2=0 y=x
r=1 y=1



Solution: Since the region is a type I region, we obtain

1
// x2ydA=//3:2ydydx
R 0 Jzx
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In general, if f (z,y) > g (z,y) over a region R,

then the volume of the solid between z = f (z,y) and z = g (z,y) over R is

v [[ @ -g@p)as (%)

If R is type I or type II, then (5) can be evaluated by reducing to either a type
I or a type II integral, respectively.

EXAMPLE 3 Find the volume of the solid between z = = + y and
z = x — gy over the region

R: y=0 z=y?
y=1 =y

Solution: According to (5), the volume of the solid is

v=//R<<m+y>—(x—y))dAzijzydA



which transforms into the type II iterated integral

1 ry
V= / / 2y dxdy
0 Jy2

Evaluating the inside integral results in

1 1
V:/ 2yw|ZQdy:/ (2y-y—2y-v*)dy
0 0

It then follows that

1
Vz/ (2y2—2y3)dy=1
0 6

Check your Reading: What type of region is the region R given in example
47

Converting Iterated Integrals into a Different Type

Many regions can be described as either type I or type II. As a result, a type I
integral over such a region can be converted into a double integral, which can
in turn be converted into a type II integral. This allows us to evaluate many
iterated integrals that cannot be evaluated directly.

EXAMPLE 4 Evaluate the iterated integral

A 1 /m 1 sin (7y?) dydx (6)

Solution: Since the antiderivative of sin (yz) cannot be expressed
in closed form, the iterated integral (6) cannot be evaluated as a
type I integral. Instead, we convert (6) to a double integral

/ / sin 7ry dydac—// sin 7Ty

and notice that the region R betweenx =0,z =1,y =z,andy =1
can also be described as a type II region.

p=1
Asa Typel Asa  Typell
r=0 y==x = 4 y=0 z=0
rx=1 y:1 ;L ,{ y:l T=y
|
1I




As a result, we can recast the original integral as a type II integral,
thus leading to

1,1 1y
/ / sin (7ry2) dydx = // sin (ﬂ'yQ) dA = / / sin (ﬂ'yQ) dxdy
0 Ja R 0o Jo

Not only did the description of the region change, but also the order
of the differentials changed. Since sin (y2) is constant with respect
to x, we now have

1 Y 1
//Sin(mf)dxdy = /xsin(ﬂy2)|gdy
0o Jo 0
1
/ysin (7ry2) dy
0

The substitution u = y2, du = 2ydy, u (0) = 0, u (1) = 1 then results

m 1ol 1 9
/ / sin (my?) dydx = / sin (mu) du = —
0 Jz 0 T

EXAMPLE 5 Evaluate the iterated integral

[ 11 /; sinh (4?) cos (?) dedy (7

Solution: The iterated integral (7) cannot be evaluated in closed
form, so we instead convert (7) to a double integral:

/0 1 /.:| sinh (y?) cos (22) dudy = / /R sin (4%) cos (%) dA

The region R of integration is both type I and type II:

As a Type 11 Asa Typel
y=-1 x=|y| r=0 y=—x
y=1 r=1 =1 y==z

Consequently, when transformed into a type I region we have

//R sinh (y%) cos (22) dA = /01 /ﬂ; sinh () cos (2?) dyda

/O cos (2%) [ /_ w sinh (y°) dy} dz



The resulting integral also cannot be evaluated in closed form, but
because sinh (y3) is odd, we have

/ sinh (y3) dy=0

—X

Thus, the entire integral must be zero, which means that

1 g1
/ / sinh (y3) cos (:c2) dxdy =0
—1 /]yl

Check your Reading: Why can (7) not be evaluated in closed form?

Fubini’s Theorem and Additional Properties

The definition of the double integral implies many other properties. For exam-
ple, if f (z,y) < g(z,y) on R, then

//Rfu,y)dAg//Rgm)dA

and likewise, if f (z,y) > 0on R and S C R, then

//Sfmy)dAs//Rf(x,y)dA

Moreover, suppose that R and S are non-overlapping regions—i.e., that R and
S do not intersect except possibly on the boundary:

Then as will be shown in the exercises, we must have

/Rusf(x’y)dA://Rf(%y)dAJr//Sf(x,y)dA (8)

where R U S denotes the union of the regions R and S.



Finally, properties of the double integral also follow from their relationship
to iterated integrals.. For example, since the rectangle [a,b] X [c,d] is both a
type I and a type II region, we must have

//[a)b]x[cyd]f(x,y)dfl:/ab/cdf(:c,y)dydm and //[%b]x[c’d]f(%y)dA:/cd/abf(x,y)dxdy

As a result, the two iterated integrals are the same. This result is known as
Fubini’s theorem, which says that if a,b, c and d are constant and if the double
integral of f (x,y) exists, then

/:/Cdﬂx,y)dydx=/Cd/abf(x,y>dxdy

That is, the order of integration may be switched if the limits of integration are
constant.

EXAMPLE 6 Use Fubini’s theorem to evaluate
T 1
/ / cos (z) sin (y?) dyda
0o Jo

Solution: Fubini’s theorem implies that

/0” /01 cos (z) sin (y°) dydx = /01 /07r sin (y?) cos (z) dzdy

As a result, we integrate cos (z) to obtain
™ 1 1
/ / cos () sin (yQ) dydr = / sin (y2) sin (z)|y dy
0o Jo 0

/0 sin (y?) (0 —0) dy
— 0

Exercises:
Find the volume of the solid between the graphs of the given functions over the
given region:

L f(z,y) =2y, g(z,y) =0 2. f(z,y)=z+2y g(z,y)=0
r=0z=1,y=0,y=1 r=12=2,y=0,y=6

3.0 flzy)=2+y% g(z,y) =0 4. flzy)=2>+y% g(z,y) =0
y=0y=lLz=y =1 y=lLy=2z=y =y

5. f(zy)=z+y, glz,y) =a*+y° 6. f(x,y)==zy,g(z,y) =4
z=0,z=1,y=0,y=1 y=0,y=Lz=y,z=1

7. flz,y)=sin(z), g(z,y) =1, 8. [f(z,y)=cos(z?), g(z,y) =1,
r=0z=my=0,y==z z=0z=my=0,y==x



Evaluate the iterated integral by changing it from type I to type II or vice versa:

9. fol le cos (my?) dydx 10. fo f 2y sin (7rx ) dxdy
1. 5T siny(y) dydx 12. f f\yl sin (2?y?®) dzdy
13. fo fsln 1 () T osC (y) dyda 14. fo f e/ VY dydx
15 [} fﬁ w5 dady 6. [ [ @’ e ydydx

FEvaluate using Fubini’s theorem.

17. fo fo zsin (y) dydz 18. f_ll fosxsin (y?) dady

19, fy Jy e dydx 20. [T, [ sinh (zy) dady

21. [T [ sin (2%y) dzdy 22. fl/jzl [y tan® (y) tan (z) dady

Use the properties of the double integrals and the double integrals

/Rf(x,y)dA=5 /Sf(%y)dA:? //Rg(:my)dAzll

to evaluate the double integrals below:

5 gl 2 [folf @) — g )] dA
25.  [[plf (z,y) +2g (z,y)] dA 26.  [[51f (z,y) 3f(:l: y)] dA
27, [[pus f (@,y)dA 28 [[pus 7f (w.y)dA

29.  [fros9(x,y)dA— [[gg(x,y)dA 30. ffRUS[f( )+ 9@ y)dA— [[gg(z,y)dA

31. Find the volume of the solid bound between the surfaces z = x2 4 g2
and z = 9.

32. Find the volume of the solid bound between the surfaces z = 22 +y? and
z = 2z. (hint: integrate over the region whose boundary curve is the intersection

of the two surfaces).
33. Show that for all (z,y) in [0, 1] x [0, 1] that

0< S ()

S T e () © sin (7x)

and then use this result to estimate

/ / sin ( d
T
1+ cos2 dy

34. Let D denote the unit circle. Explain why

1 41
// e"TVdA S/ / e dydx
D —1J1

and then evaluate this last integral.
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35. Suppose that f () > 0 over [a, b] and recall that the surface of revolution
obtained by revolving the graph of f about the z-axis is given by

r (u,v) = (v, f (v) cos (u), f (v) sin (u))

for w in [0,27] and v in [a,b]. Show that the volume of the resulting solid of

revolution is
b rf(z) 5
[ r@r -
a J—f(x)

and then compute the innermost integral using the trigonometric substitution
y = f(z)sin (0)

36. Suppose that f(z) > 0 for all = in (a,b) and suppose that f(a) =
f(b) = 0. What is the volume of the solid enclosed by the surface

37. Use the Riemann definition of the double integral to prove (3).

38. Use the Riemann definition of the double integral to prove (1).

39. Write to Learn: Suppose that f (z,y) is integrable over two bounded,
non-overlapping regions R and S. Let g1 (z,y) = f(z,y) if (z,y) is in R and
g1 (z,y) = 0 if (z,y) is not in R. Similarly, let g2 (z,y) = f (z,y) if (z,y) is in
S and let gs (x,y) = 0 otherwise. Write a short essay in which you show that

/ [ famid- / /[a’b]x[c’d} (91 (2,9) + 92 (z,9)] dA

where [a, b] X [c,d] contains R U S. Then in that essay use this result to prove
(8)-

40. Write to Learn: Write a short essay in which you show that

Lb/cdf<x>g<y>dzdy ij(x)dm] Mbg@)dy]
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